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Isotropic systems are structures which unify some properties of 4-regular graphs and self- 
dual properties of binary matroids, such as connectivity and minors. In this paper, we find the 
minimally 3-connected isotropic systems. This result implies the binary part Tutte's wheels and 
whirls theorem. 

1. I n t r o d u c t i o n  

Isotropie systems are introduced by Andr5 Bouchet in [2]-[6] to unify some 
properties of 4-regular graphs and self-dual properties of binary matroids. 

An isotropic system can be associated to a binary matroid (actually, to a pair 
of dual binary matroids) and also to a 4-regular graph, but there are isotropic 
systems that cannot be obtained in this way. 

The connectivity of a matroid in Tutte 's  sense is self-dual. A. Bouchet defines 
in [6] the notion of k-connectivity for isotropic systems in such a way that an 
isotropic system S derived from a binary matroid is k-connected if and only if the 
matroid is k-connected. 

Any isotropic system is associated with some simple graph, called fundamenta l  
graph, and the former is 3-connected if and only if the latter is prime, as defined 
by W. Cunningham [8]. 

A theorem of Tutte [9] says that a 3-connected matroid M has a 3-connected 
simple minor, except if M is either a wheel or a whirl. We prove that a similar 
result holds for 3-connected isotropic systems. 

In Section 2, we define isotropic systems and recall basic properties. In Sec- 
tion 3, we give some technical lemmas about 3-connectivity. Section 4 contains 
the main result. This result is similar to Tutte 's theorem about minor-minimal 3- 
connected matroids and, in fact, implies the "binary part" of this theorem. More- 
over, the main result implies a strengthening of a theorem of A. Bouchet about 
reduction of prime graphs. These two applications are given in Section 5. 

AMS subject classification code (1991): 05 B 35, 05 C 40 
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2. N o t a t i o n  a n d  bas i c  p r o p e r t i e s  

Let A be a (finite) set. We denote by IA[ the number of elements of A. We 
will denote by a the singleton {a}. 

For two sets A and B, we will denote by A A B  the set (A \B)U (B\A) .  For a 
set V, 2 V is the set of the subsets of V; 2 V is a linear space over GF2 under the 
operation A. 

Let G = (V, E) be a simple graph with vertex set V and edge set E. For any 
vertex v ~ V, the neighbourhood of v is the set of vertices n(v) = {u E V :uv E E}. 
Notice that  v ~ n(v). The mapping v --* n(v) is the neighbourhood function of G. 
For any vertex v, G\v is the subgraph induced by V\v.  

2.1 I s o t r o p i c  s y s t e m s  

Let us fix a 2-dimensional linear space K over GF2. The space K contains 
2 2 = 4 elements. We set K = {0, x, y, z}. One easily verifies that  x+x = y+y = z+z  = 
x + y + z = 0. For any a, b E K ,  let /a, b) = 1 if 0 r a • b 7s 0, /a, b) = 0 otherwise. One 
may verify that  the mapping (a, b) ~ / a ,  b} is bilinear, symmetric and nondegenerate. 
Let V be a finite set. The preceding linear form can be extended to K V by setting 
(X ,Y)  = ~ ( ( X ( v ) , Y ( v ) } : v  E V) (mod 2) for any X , Y  E K u. Notice that ,  for any 
X E K V, we have (X, X} = ~ ( ( X  (v), X(v)}:  v E V) = 0. We will denote by L • the 
orthogonal complement of a subspace L. 

Let X E K V. The support  of X is the set {v E V : X(v)  r 0}, and we denote 
it by ~(X).  For a subset P of V and a vector X, we denote by X - P  the vector 
defined by X .  P(v) = X(v)  if v E P,  otherwise X .  P(v) = 0. For a vector X E 
K V, we let 2 = {X.  P : P C_ V}. Clearly, for any subsets P and Q of V, we have 

X . P + X . Q = X . ( P A Q ) .  Hence, _~ is a subspace of K V. Two vectors X and Y of 
K V are supplementary if, for any v E V, we have 0 r X ( v ) r  Y ( v ) r  O. If X and Y 
are supplementary then ~ ( X ) = ~ ( Y ) =  V and 2 n ! 2 - =  {0}. Hence, we have 2 |  
K V . 

A subspace L of K V is said to be totally isotropic if (A, B} = 0 for any A, B E 
s If L is a totally isotropic subspace of K V, basic results in linear algebra imply 
that  dim(L)_< d im(KV) /2= IVI. An isotropic system is a pair S =  (L,V)  where V 
is a finite set and L is a totally isotropic subspace of K g such that  dim(L) = IvI. 
If S = ( L , V )  is an isotropie system, then L = L  • 

Example. Suppose that  M is a binary matroid on V. Let ~ C_ 2 V be the linear 
subspace of 2 V spanned by the circuits of M,  and let ~* be the linear subspaee 
spanned by the eocircuits of M. Recall that  ~* is the orthogonal complement of 
for the bilinear form defined on 2 V by (A,B)--~ IA~BI (mod 2). 

Let X and Y be two supplementary vectors of K V. Let L = {C- X + C*- Y : 
C E ~, C* E ~*}. Then S = (L, V) is an isotropic system. 

Remark.  One can derive several isotropic systems from a binary matroid, by ar- 
bitrarily choosing the vectors X and Y. But these isotropie systems are pairwise 
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isomorphic. We will say "the isotropic system S derived from M", despite the fact 
that S is not completely defined by M. 

2.2 F u n d a m e n t a l  g r a p h s  

Let G = (V,E) be a simple graph with neighbourhood function n. Consider 
two supplementary vectors A and B of K V. For any v E V, let T V be the vector 
A.v+B.n(v). One easily verifies that  the linear subspace L spanned by (Tv :v E V) 
defines an isotropic system S = (L, V). We say that  G is a fundamental graph for 
this isotropic system and that  (G, A, B) is a graphic presentation of the system S. 

In [5], A. Bouchet proves that,  for any isotropic system S = (L, V), there exists 
some basis (Tv:v c V) of L with the following properties: 

(i) Vu, v,wEV, vT~ur (Tv(u),Tw(u))=O, 
(ii) Vu, veV, ur  Or162 

Such a basis will be called a fundamental basis. It allows to define a graphic 
presentation (G, A, B) of S follows: 

(iii) for any vEV, B(v)=Tv(V); 
(iv) for any v C V, if there exists u E V such that  Tu(v)7 ~ O, then A(v)= Tu(V), 

otherwise A(v) is any-null value distinct from B(v); 
(v) uv is an edge of G if and only if uCv and Tu(v)r (which is equivalent 

to Tv(u)r 
Let G = (V, E) be a simple graph with neighbourhood function n. The local 

complementation of G at a vertez v involves replacing the subgraph induced by n(v) 
by the complementary subgraph (an example is given in section 2.5). We denote 
this simple graph by G*v. Suppose that (G,A,B) is a graphic presentation of an 
isotropic system S. Let AI=A+B.v  and B'=B+A.n(v) .  Then, as proved in [5], 
(G'v, X ,  B ~) is another graphic presentation of S. Moreover, two simple graphs 
are fundamental graphs of the same isotropic system if and only if there exists a 
sequence of local complementations that  transforms the first graph into the second 
one. 

Example. Suppose that M is a binary matroid on V. Let B be a base of M. The 
fundamental graph F associated with a base B of M is a bipartite graph defined 
as follows: 

- -  the two chromatic classes are B and V\B; 

- -  for v E B and v ~ E V\B, vv ~ is an edge of G if and only if v belongs to the 
single circuit of M in B U v I. 

One can verify that F is a fundamental graph of the isotropie system S derived 
from the matroid M. Conversely, as proved in [4], an isotropic system S such that 
there exists a bipartite fundamental graph F is derived from a binary matroid. 
Such an isotropic system is called bipartite. 

Remark. Notice that  not every fundamental graph of a bipartite isotropic system is 
bipartite. Indeed, by locally complementing a bipartite graph at a vertex of degree 
at least two, we get a non-bipartite graph. 
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2.3 C o n n e c t i v i t y  

Let S = (L, V) be an isotropic system. For any subset  A of V, we let L x A = 
{X E L: a ( X )  C_ A}. Let  us identify KA with the subspace {X E K V : ~(X) C_ A}. 
So we have L x A = L N K A, Clearly L x A is a subspace of K V. We let x (A)  = 
IAI - d im(L  x A), and we call X the connectivity function of A. 

Propos i t ion  2.3.1. [6] The connectivity function has  the following properties: 
(i) O<x(A)<IAI; 

(ii) x(A)=x(V\A);  
(iii) x(A)+x(B) >_ x(AUB)+x(ANB) with equality if and only if LxA+L xB = 

Lx (AUB) .  

For completeness,  we give a new proof  of this proposit ion:  
Proof. 

(i) Notice tha t  L x A is an isotropic subspace of K A. Hence d im(L  x A) < 
dim(KX)/2 = IAI. 

(ii) Let ~ be the canonical  project ion of K V onto K a and let L - A  = ~r(L). 
Since K e r ( T c ) N L = L  • (V\A), we have 

d i m ( L .  A) + d im(L  • (V\A)) = dim(L) = IVI. 

This  implies x (V \A)=d im(L .A) -  IAI. 
Let us denote  by LA the or thogonal  complement  of L.A in K A. In other  words, 

LA = {X I ~ ( X )  C_ A, (X,Y') = 0 for any Y' E L. A}. Let X E L x A and Y' E L. A. 
There  exists Y E L such tha t  Y '  = 7c(Y). Thus,  we have (X, Y'} = (X, Y) = 0. This  
implies tha t  LxA C_ LA. Conversely, let X E LA and Y E L. Then  7c(Y) E L.A and so 
0 = (X,~r(Y)} = (X, Y}. This  implies t ha t  X E L • Hence, as o r (X)C A and L = L  •  
it follows tha t  X E L x A. Hence L x A = LA. Therefore,  d im(L  x A) + d im(L .  A) = 
d i m( / (A)  = 2IA I. I t  follows: 

x (A)  = IAL - d im(L  x A) = IAI - (2IA I - d i m ( L .  A)) 

= d i m ( L .  A) - IAI = x(V\A). 

(iii) Obviously, L x (A N B) = L x A n L x t3 and L x A + L x B C_ L x (A U B).  
Therefore,  d im(L  • A) + d i m ( L  x B)  < d im(L  x ( A U B ) ) + d i m ( L  • ( A N B ) ) .  Since 
IAI+I/3I = IAUBI+IANBI, we have x ( A ) + x ( B )  _> x(AUB)+x(ANB), with equal i ty 
if and only if L x A + L • B = L • (A U B).  1 

Definitions. Suppose t ha t  S = (L,V) is an isotropic system,  wi th  connect ivi ty  
funct ion X. For any integer k and any subset  A of V, we say tha t  A is a k-separation 
if and only if: 

(i) IAl>_k and I V \ A I > k ;  
(ii) x(A)  < k. 

An isotropic sys tem (L, V) is k-connected if and only if there  is no kl-separat ion,  
wi th  k / < k. An element v is singular if and only if X(v) = 0. We easily verify t ha t  
v is singular if and only if v is the suppor t  of a vector  of L. Two non-singular  
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elements v and w are twins if and only if {v,w} is the support of a vector of L. A 
triangle is a vector of L whose support is a 3-element set. 

Suppose that  (G,A,B)  is a graphic presentation of (L, V), with fundamental 
basis (Tv)v~V. Denote by n the neighbourhood function of G. If a vector T of K V 
belongs to L, there exists a subset V ~ of V such that  T = ~ ( T v  : v E V~). As v C V' 
implies T(v) r 0 (actually T(v) = B(v) or T(v) = A(v) + B(v) ), V' must be included 
in the support of T. Using this remark, one easily verifies that: 

(i) an element v E V is singular if and only if v is an isolated vertex of G; 
(ii) two elements v and w are twins of L if and only if either v and w are twins 

in G (i.e, n ( v ) - w = n ( w ) - v )  or vw is a pendent edge. 

Example. Suppose that  M is a binary matroid on a set V. Let M* be the dual 
matroid of M. Denote by 0 and g* the rank functions of M and M*. The 
connectivity function of M is defined by )~(A)= o(A)+0* (A)-IAI = o(A)+~(V\A)-  
L)(V), for all A c_ V. It is proved in [5] that  the connectivity function of M coincides 
with the connectivity function of the isotropic system S derived from M. So M is 
3-connected if and only if S is 3-connected. 

2.4 M i n o r s  

Let S = (L, V) be an isotropic system. Let v E V. For any non-null element 
t of K,  we let L ( v , t ) = { X E L : X ( v ) = t o r X ( v ) = O } .  We define LI~ as the 
projection onto K V-v of L(v,t). A. Bouchet proves in [2] that (LI~,V\v) is an 

L v isotropic system. We call ( It, V\v)  a minor of S and we denote it by SI~. Minors 
of isotropic systems have the following graphic interpretation (see [5] for details). 
Suppose that  (G, A, B) is a graphic presentation of L. Then G\v is a fundamental 
graph of SiVA(v). Moreover, if G*v is the graph obtained by a local complementation 

on v, then G*v\v is a fundamental graph of SI~A+B)(v)" Finally, if w is a neighbour 

of v in G, then G*vwv\v is a fundamental graph of S]VB(v). 

Example. Let S = (L, V) be the isotropic system derived from a binary matroid 
M. We use the notation of the example in Section 2.1. One easily verifies that  
the isotrop~c system deriVed from M \ v  (resp. M/v) is Sl~(v ) (resp. SlVx(v)). The 

isotropic system SlVx(v)+Y(v) is not binary in general. 

2.5 Cyc l i c  i so t rop i c  s y s t e m s  

An isotropic system S = (L, V) is cyclic if there exists a graphic presentation 
(Cn,A,B) using the n-cycle Cn (n> 5) as a fundamental graph. We shall assume 
n > 5 to avoid trivial special cases. The main result of this paper is that cyclic 
isotropic systems are "minimally" 3-connected. We now describe cyclic isotropic 
system more precisely. 

Consider the isotropic system Sn = (L,{sl,s2,. . . ,Sn}),  given by the funda- 
mental basis (Ti = Tsi) : 1 < i < n). Each vector Ti is a column of the following 
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array: 

T1 T2 
81 y x 
s2 x y 
s 3 0 x 

Sn_ 1 0 
Sn 0' 

T 3 . . .  Tn_  1 
0 . . .  0 
x . . . .  0 
y 0 

T~ 
X 

0 
0 

0 0 . . .  y x 
x 0 . . .  x y 

The reader can easily verify that  the associated fundamental  graph is Cn with 
vertex sequence sl ,  s2 , . . . ,  sn. A local complementat ion at s~ yields the graph C ' s 2 .  
We notice that  C~s2 \ s2  is isomorphic to C~-1.  Hence one of the minors of Sn at 
s2 is cyclic. 

C6 C6*s 2 

S 6 S1 S 6 S 1 

' I)" 
( \ / 

$5 .. / "  $2 $5 " ~ . i  

S 4 S3 S 4 $3 

Fig. 1. 

S2 

C 6 ~ 8 2 \ $ 2  

S 6 S~ 
. . . .  

s,\ 
$4 83 

Isotropic systems associated to 4-regular graphs, as defined in [3], will not be 
considered in this paper�9 

3. T r i a n g l e s  a n d  3 - c o n n e c t i v i t y  

From now on, all isotropic systems contain at least four elements. 

Lemma 3.1. Let  S = (L, V)  be an isotropic sys t em,  wi th  connec t i v i t y  funct ion )6 
For any subse t  A o f  V and any  v E V \ A ,  we have: 

(i) x ( A U v )  <_ x ( A )  i f  and only  i f  there exis ts  a vector  X in L x (AUv) such 
that  X ( v )  r  

(ii) x ( A  U v ) =  x ( A )  - 1 i f  and only  i f  there exis t  two vectors X and Y in 
L x (AUv) such tha t  0 # X ( v ) # Y ( v )  #0 .  

Proof. Let 7r : L x (AU v)--+ K be the linear mapping defined by 7c(U)= U(v) ,  for 
any vector U of L • (A U v). Since the kernel of 7c is L x A, we have: 

dim(L x (A U v)) = dim(L x A) § dim(Im(Tc)). 

This implies: 

x(A U v) = IAI + 1 - dim(L x (A U v)) = IAI - dim(L x A) - dim(Im(~r)) + 1 

x ( A  U v) = x ( A )  - dim(Im(~r)) + 1. 
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(i) Hence, x(A U v) <_ x(A)  if and only if Im(~r) is not the null subspace of K,  
i.e. if there exists a vector X in L x (AUv) such that  X ( v ) r  

(ii) Furthermore, we have x (AUv)=  x ( A ) -  1 if and only if dim(Im(~r))= 2, i.e. 
if there exist two vectors X and Y in L x (AUv) such that  0 # X(v)7~ Y ( v ) # 0 .  | 

Proposition 3.2. Let S = ( L, V) be an isotropic system. Suppose that v r V is a 
non-singular element of L. Assume that X (resp X I) is the connectivity function of 
S (resp. ofSl~ , where t is a non-null element of k). Then, for any subset A of V \v ,  
we have: 

(i) x(A) - 1 <_ x'(A) _< x(A); 
(ii) x ' ( A ) = x ( A )  if  and only if  there exists a vector X in L x (AUv) such that 
=t, 

(iii) x(AUv)<<_x'(A) _<x(AUv). 

Proof. Set V~= V\v .  Let 7r : K V - ~  K V' be the canonical projection onto K V'. 
For X E L, ~r(X) = 0 if and only if X = 0, because v is non-singular. Hence, for 
any subspace L1 of L, ~r(L1) is isomorphic to L1 and so, dim(Tr(L1)) = dim(L1). 
Set S' =~rL', V'~,= SIV, t.  For any subset A of V', we have x ' (A)  = IAI- dim(L' x A). 
Set LA = L x (A U v ) n  L(v,t) .  One can easily verify that E x A = ~r(LA). Hence 
dim(L' x A) = dim(LA) because L(v, t) is a subspace of L. Obviously, L x A C L A C_ 
L x (A U v). This implies the following inequalities: 

dim(L x A) <_ dim(LA) <_ (L x (A U v)), 

IA I - dim(L • A) > IAI - dim(LA) _> dim(L x (A U v)), 

x(A)  >_ x'(A) >_ x (A  U v) - 1. 

Working with V ' \ A  (= V \ ( A  U v)) instead of A, we find: 

x ( V i ( A  U v)) >_ x ' ( V ' \ A )  >_ x(V\A) - 1. 

By Proposition 2.3.1 (ii), this inequality implies: 

x ( A  U v) >_ x'(A) >_ x(A) - 1. 

Moreover, x~(A) = x ( A ) -  1 if and only if LA r L x A. If X �9 L A \ L  x A, then 
X c L x (AUv) and X ( t ) = t .  | 

Lemma 3.3. Suppose that T and T t are two triangles of a 3-connected isotropic 
system. Then one of the following properties holds: 

(i) The supports ~re disjoints; 
(ii) The supports contain a single common element. On this element, T and 

T ~ have the same value; 
(iii) The supports have two common elements. On each common element, T 

and T I have different values; 
(iv) T =  T'. 

Proof. Since (T, T'} = 0, the number of the elements v that (T(v), T ' ( v ) ) #  0 is even. 
If T # T ' ,  the support of T + T '  must contain at least three elements because a 3- 
connected isotropie system contains neither singular elements nor twins. According 
to the number of elements in the intersection of the support of T and T ' ,  one of 
the properties above must hold. 
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Corollary 3.4. 
(i) No isotropic system on a 4-element set is 3-connected. 
(ii) An isotropic system on a 5-element set is 3-connected if  and only i f  it is 

cyclic. 

Comment.  This corollary is equivalent to a result about  prime graphs (cf [2] and 
section 5 of this paper) which says that  no graph on four vertices is prime and that  
all prime graphs on five vertices are locally equivalent to C5. 
Proof. Suppose that  S =  (L, V) is a 3-connected isotropic system, with connectivity 
function X. 

(i) Suppose that  JV] = 4 and pick a E V. We have x ( V \ a ) =  x(a)_< 1. Hence 
L • (V \a )  contains two independent vectors. If these two vectors are triangles, L 
is not 3-connected by Lemma 3.1. Otherwise S must contain singular elements or 
twins and is obviously not 3-connected. 

(ii) Suppose now that  IV[ = 5 and set V = {a,b,c,d,e}. If  T is a 3-element 
subset of V then x ( T )  = x ( V \ T )  = 2 and T is the support  of a triangle. Hence, 
{a, b, c}, {b, c, d}, {c, d, e}, {d, e, a} and {e, a, b} are supports of triangles, which will 
be denoted by T b, Tc, Td, Te, Ta. One may assume without loss of generality that  
Ta(a) = Tb(b ) = Tc(c) = Td(d ) = Te(e) = y. By Lemma 3.1, we have 0 ~ Ta(b) = 
Tc(b) # %(5),  0 7/= Tb(C) = Tc(c) ~ Td(C),... etc. One may suppose without loss of 
generality that  all these values are equal to x. These five vectors are independent 
and so they constitute a basis of L. Hence C5 is a fundamental  graph of S. 

T~ % T~ Td T~ 
a y x 0 0 x 
b x y x 0 0 
c 0 x y x 0 
d 0 0 x y x 
e x 0 0 x y 

We have to prove that  S is 3-connected. Suppose not and pick a 2-separation 
A. Then V \ A  or A contains two elements and S should contain twins, which is 
clearly impossible. | 

Remark.  Suppose that  T is a triangle of an isotropie system S = (L ,V) ,  with 
1) support  {u,v ,w}.  The minor SIT(v ) is not 3-connected, because u and w are twins 

in Ll~.(v ). 

Lemma 3.5. Let (L, V) be a 3-connected isotropic system. Suppose that, for some 
v E V,  the minors LI v and LI~ are not 3-connected. Then there exists a triangle T 
with T(v)  = x or T(v)  = y. 

Proof. Assume that  U C V \ v  (resp. W C_ V \ v )  is a 2-separation of SIv (resp. 
of S[.~). Then U ' =  V \ ( U U v )  and W I =  V \ ( W U v )  are also 2-separations in the 
correw minors. 

Since S is 3-connected, x ( U ) =  2 (where X is the connectivity function in L). 
Thea  by Lemma 3.2, there exists a vector T~ E L such that  c~(Tx) C_ U+v C U U W + v  
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and Tz(v) = x. Similarly x(W) = 2. Then, there exists Ty E L such that  Ty C 
U U W + v  and Ty(v)=y. Hence, by Lemma 3.1: 

x(U U W u v) = x(U U W) - 1, 

x(U U W U v) T x(U O W) <_ x(U U W) -t- x(U O W) - I < x(U) + x(W) - I <_ 3. 

This implies IUnWl <2 or I u ' nw ' l  <2. By symmetry, Iu'nw{ <2 or [UNWq <2.  
One of the four subsets U, U ~, W, W ~ must have two elements, say U. Then the 
3-element set UUv contains a(Tx). Since S is 3-connected, Tx is a triangle which 
satisfies the conclusion of the theorem. | 

L e m m a  3.5. Let S = (L, V) be a 3-connected isotropic system. Let T be a triangle, 
with T(a) = T(c) = x, t(b) = Y.  Suppose that Ll~ and n[~ are not 3-connected. 
Then there exist triangles T I and T" such that: 
(i) T'(a) = T ' ( c )  = y, 

(ii) T(b)=T'(b).  

Proof. Let A be a 2-separation of S[~. Let X (resp. X') be the connectivity 
function of S (resp. Sl~ ). Hence x'(A) = 1. Since S is a 3-connected, this implies 
that  x (A)=  2 by Lemma 3.2. Then, by Lemma 3.2, there exists a vector Ta such 
that  Ta e n x (dUd)  and T(a)=y. Since d ' =  (V \a) \A  is also a 2-separation in the 
minor Sly, there exists a vector Ta ~ such that T~a(a)=y and Ta / E L x (AUa). 

Similarly, there exists a 2-separation C in L]~,, and two vectors Tc and TcI of 
L such that: 

To(c) = =y; 
- -  TcE L X (CUv) and T~ e L x (C'Uc); 
- -  x ( c ) = x ( C u c ) = 2 ;  
- I C 1 _ > 2 ,  IC'1_>2. 

By symmetry, we may assume that  b E A a C. 

Claim 1. a E C ,  c r A ~ 

Suppose a E C. Then (To ~, T} = (T~c(C), T(c)) r 0, a contradiction. Therefore a E 
C ~ and similarly c E A ~. 
It follows that  (T~(a),T(a)) = (T~a(c),T(c)) = 1. 

Claim 2. IANC]<I  or IA'nC'I_<L 

By submodularity, we get: 

x ( A u  C) + x ( A N  C) < x(A) + x(C) <_ 4. 

Since Ta(a) 50  and Ta C_AUCUa, we have x(AUCUa) <_x(AUC). Since 07~ T(c)7~ 
Tc(c) ~ 0, a(Tc) C A U C U {a, c} and a (T)  C_ d U C U {a, c}, by Lemma 3.1, we have 
x(A U C U {a, c}) _< x(A U C) - 1. It follows that  x(A U C U {a, c}) + x(A n C) <_ 3. 

Hence, since the complement of AUCU{a,c} is A~NC t, we have X(XNC)<_ 1 
or x(AN C)_< 1. This implies the claim by 3-connectivity. 
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Claim a. A ' n C : O  or (IA'nCI:IAnCI=U or A n C ' : O .  

By submodularity, we get: 

X(X  U C) + x(A' O C) < X(X)  + )I(C). 

Suppose that  this inequality is actually an equality. Since Tc c_ C Uc C_ A ~ U C, there 
exist two vectors T1 and T 2 of L such that:  

-- Tc=f~+f2, 

-- #(T,) C C, a(T2) C (A' NC) Uc. 
Thus T2(a) = T2(b) : O, Tl(c) = O, T2(c) : Tc(c) = y. This implies that  <T, T2> = 
(T(c),T2(c)) = {T(c),Tc(c)} #0 ,  a contradiction. Hence 

x(A '  U C) + x(A'  N C) < 3. 

Notice that  {T(a),T~a(a)} # O. Moreover, the supports of these two vectors are 
included in A ' U C U a. This implies: 

x(A N C') = X(X  U CUa) = x(A' U C) - 1, 

x(A N C') + x(A' n C) < 2, 

and the claim follows by 3-connectivity. 
We end the proof by analizing the cases in Claim 2. 

Case  1. ANC=b.  
Neither X N C  nor A N C  is empty, for otherwise A or C would be a singleton. 

Hence, by Claim 3, Ta and Tc are triangles. Since Ta n Tc = b, Ta(b)= Tc(b) by 
Lemma 3.1, we may set T1 = Ta and T2 = lb. 
We may suppose from now on that  tANC I > 1 (and so x ( A N C ) >  2). 

Case  2. A' N C I = 0. 

Neither A'NC nor ANC ~ is empty, for otherwise A t or 6" would be a singleton. 
Then Claim 3 implies that  T1 = Ta ~ and T2 = T~ are triangles. These triangles satisfy 
the conclusion of the theorem. 

Case  3. A/N C / contains a single element, which will be denoted f .  
By submodularity, 

x(A U C) + x(A N C) _< x(A) + X(C) < 4. 

This implies: 

x({a ,c , f } )  = x(A U C) _< 4 -  x(A n C) <_ 2. 

Hence {a ,c , f}  is support  of a triangle T' .  Since 0 = Ta . T ' =  Ta(a).T'(a), 
T'(a)=Ta(a)=y. Similarly, we have T ' ( c ) = y .  Hence, we may set T1 = T 2 = T ' .  | 
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4. M i n i m a l l y  3 - c o n n e c t e d  i s o t r o p i c  s y s t e m s  

We will say that  an isotropic system (L, V) is minimally 3-connected if and 
only if it is 3-connected and, at any v E V, at least two minors are not 3-connected. 

Lemma 4.1. Let S - - ( L , V )  be an isotropic system such that: 
(i) Ivl>4, 
(ii) there exist neither singular elements nor twins, 
(iii) there exists a &connected minor. 

Then S is 3 connected. 

Proof. Suppose that  S satisfies the hypothesis but is not 3-connected. Let L ~= 
L] v be a 3-connected minor. Suppose that  A is a 2-separation of L and let X and 
X ~ be the connectivity functions of L and L t respectively. By working with V \ A  
instead of A, one may assume without loss of generality that  I(V\v)\AJ > 2. Thus 
x(A)  < 1, x ' (A \v )  < 1, and so [A\v[ < 1. Therefore A is a couple of twins in L, a 
contradiction. | 

Lemma 4.2. Any cyclic isotropic system is minimally 3-connected. 

Proof. Suppose tha t  Cn (n > 4) is a fundamental  graph of the isotropic system 
S = (L, V) and pick v E V. As there exist two triangles T and T ~ such hat 0 r 
T(v)  C T ' ( v ) r  O, two of the three minors at v contain twins and are obviously not 
3-connected. We have to prove that  S is 3-connected: we will proceed by induction. 

The conclusion is true for n =  5, by Corollary 3.4. 
Suppose n > 5. Obviously, S contains neither singular elements nor twins. Pick 

v E V. As mentioned in Section 2.5, there exists a minor on v which is cyclic. This 
minor is 3-connected by induction. Hence, S is 3-connected by Lemma 4.1. | 

Theorem 4.3. Let S = (L, V) be a minimally 3-connected isotropic system, with 
n = Ivl > 4. Then S is cyclic. Fhrthermore, i f  for one element of V no minor is 
3-connected then n = 5. 

Proof. 

Claim 1. For any c ~ V, if  S[ c and S[~ are not 3-connected then there exist two 
triangles T and T' such that T ( c ) = x  and T ' (c )=y.  

Lemma 3.5 implies that  one of these two triangles - -  say T - -  must exist. Pick 
b E a (T) ,  b 7 ~ c. By Lemma 3.6 applied to b and to the triangle T, there exists a 
triangle T '  such that  T / ( c )=  y. 

Pick c C V. By interchanging x, y and z if necessary, we may assume that  
SIc and SI~ are not 3-connected. By Claim 1, we may assume that  there exist two 
triangles Tc and T b such tha t  Tc(c)=y and Tb(c ) =x.  By Lemma 3.1, there exists 
b c V, b r c, such that  0 r Tb(b) # To(b) 5s 0. We may assume that  Tb(b) = y and 
Tc(b)=x. Set cr(Tb)= {a,b,c } and cr(Tc)= {b,c,d}. 

Claim 2. I f  no minor o rS  at c is 3-connected then C5 is a fundamental graph orS.  

By Corollary 3.4, it is sufficient to prove that  n = 5 .  Assume tha t  Tc (d )=  x 
and that  Sly d is not 3-connected. By Lemma 3.4 applied to b and Tc, there exist 
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two triangles Tc ~ and T d such that  Td(d)=y, T~(c)=z, T~(b)=Td(b) (for SI c is not 
3-connected). 

Case 1. Ta(b)#0. 
Then T~c(b) = Td(b ) = z for otherwise (T~c,Tb) r 0 or IT~c,Tb} =/= O. As Td(C ) = O, 
(Tb,Td}= (x,Td(a)} + (y,z}. Then, x #  Td(a) r O for (Tb,Tb)=O. Thus Tb, Tc and 
Td are three independent vectors. Since the supports are included in {a,b,c,d}, we 
have x({a,b,e,d}) < 1, where X is the connectivity function of S. Therefore, since 
S is 3-connected, this implies that  IV\{a,b,c,d}l <_ 1. 
Case 2. Td(b)=O. 
Then T~c(d)r and we conclude as in Case 1, with triangles Tb, Tc and Tc ~. 

From now on, we may suppose that,  if an element belongs to three triangles, 
the values of these triangles at v are not pairwise distinct (otherwise none of the 
three minors at v is 3-connected). 

Claim 3. If an element belongs to four triangles, then C5 or Ca is a fundamental 
graph of S. 

Suppose that  c belongs to four distinct triangles T1, T2, T3 and T4. We may 
assume, without loss of generality, that  T1 = Tb and T2 -- Tc. By the assumption 
above, Tb(c), Tc(c) and T3(e) are not pairwise distinct. Set T 3 ( c ) = T b ( c ) =  x. By 
Lemma 3.3 applied to T3 and Tb and to T3 and Tc, ~ ( T 3 ) =  {e,d,e}, where e is a 
new element of V. Similarly, Tb(C), Tc(c) and T3(c) are not pairwise distinct. If 
T4(e) = Tb(C), then or(T4) = {c,d,e} = or(T3), which is impossible by Lemma 3.3. 
Therefore, T4(c)=Tc(c) .  Lemma 3.3 implies the following equalities: 

- -  o-(Tc)No-(T4)= {e}, 
- -  I~(rb) N (r(T4)[ = I~r(Td) n cr(T4)l = 2, 

cr(T4): {a,c,e}. 
Furthermore, T4(a) # Tb(a) and T4(e) # T3(e). Hence the four vectors Tb, Tc, T3 
and T4 are independent. Then x({a,b,c,d,e}) < 1 and IV\{a,b,c,d,e}l <_ 1. 

If V:{a,b ,c ,d ,e}  then C5 is a fundamental  graph of S. Suppose that  IVI = 6  
and set V = {a, b, e, d, e, f} .  Then 

x({d, e, f }  = x(V\{d,  e, f})  = 2. 

Hence {d,e,f} is the support  of a triangle. Similarly, {e,f,a} and {f,a,b} are 
supports of triangles. One easily verifies that  C6 is a fundamental  graph of S, as 
shown by the array below: 

a x 0 0 0 x y 
b y z 0 0 0 x 
c x y x 0 0 0 
d 0 x y x 0 0 
e 0 0 x y x 0 
f 0 0 0 x y x 

From now on, we assume that  no element belongs to four distinct triangles. By 
applying Lemma 3.4 to e and Tc (as defined in Claim 2), we get a third triangle T d. 
By interchanging b and c if necessary, we may assume that  Td(b ) = 0 and Tc(c) # 
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Td(c) ~ O. Since the three values Tb(c), Tc(c) and Td(c) cannot be pairwise distinct, 
we have Td(C ) = Tb(e ) = x. Hence, by Lemma 3.3, Td(a ) = 0. Let e be the third 
element of T d. We may suppose Td(d)=y and Td(e ) =x.  Let us rename a, b, c, d, 
e by Sl, s2, s3, s4, s5 and the triangles Tb, Tc, Td, Tie by T2, T3, T4, Th. Thus, for 
2 < i < 4 ,  Ti(s i ) - -y  , Ti(si_l)---- Ti(Si+l)---- x. 

By Lemma 3.6 applied to si+l and Ti, we can continue this construction until 
we get a triangle Tn with Tn(sn)=y,  Tn(Sn-1)--x ,  Tn ( s k ) = x  with k < n - 1 .  We 
may suppose n > 5. 

Claim 4. V = { s l , s 2 , . . . , S n } .  

Suppose that  k r 1. Then sk belongs to Tk-  1, Tk, Tn-  1, Tn, which is impossible 
by the preceding assumption. So, k = 1. Therefore, by Lemma 3.3, Tn(sk) = 
Tn(sl)  = T2(Sl) = x. By Lemma 3.4 applied to Sl and Tn, we get a triangle T1 
such that  0 r Tl(Sl)  r T2(sl). Clearly, by Lemma 3.3, a(T1) = {sn,s l ,s2} .  Let 
V ' =  {Sl, s2 , . . . , sn} .  One can remark that  {T1,T2,. . .Tn} is an independent set of 
L x V/. Therefore, since S is connected, V = V ~. 

One can easily verify that  Cn is a fundamental  graph of S, as shown by the 
array below: 

81 
82 
83 
84 

8n--1 
8n 

T2 T3 T4 T5 ... T~ T~ 
x 0 0 0 . . .  x y 
y x 0 0 . . .  0 x 
x y x 0 . . .  0 0 
0 x y x . . .  0 0 

0 0 0 0 . . .  x 0 
0 0 0 0 . . .  y x 

5. A p p l i c a t i o n s  

Proposit ion 5.1. Let S =  (L, V) be an isotropic system, f f  S is bipartite then there 
exist two supplementary vectors X and Y of K V such that 

I - - - X M L + ? A L .  

Proof. Assume tha t  S is derived from a binary matroid M. Let ~ (resp. $*) be 
the linear subspace of 2 V spanned by the circuits of M (resp .  the cocircuits of 
M).  Then, there exist two supplementary vectors X and Y of K V such that  L = 
{ X . C + Y . C '  : C E $ , C ' e ~ * } .  T h i s i m p l i e s t h a t  X N L = { X . C :  C E ~ }  (resp. 
Y M L = { Y . C '  : C' E$*}).  Then, it follows tha t  L = X A L §  I 

Remark.  The converse is true, as proved in [1]. 
As defined in [9], a matroid M on a set V is said to be minimally 3-connected 

if M is 3-connected and, for any v E V, each of the two minors M / v  and M \ v is 
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not 3-connected. Let Wn be a wheel, for some integer n > 3, and let M =Jt~(Wn) 
be the cycle matroid of Wn. One easily verifies that  M is minimally 3-connected. 
Denote by B the set of the spokes. Clearly, B is a base of M. Therefore, the 
fundamental graph associated with B is C2n. A theorem of Tutte  says that any 
minimally 3-connected binary matroid is isomorphic to JlL(Wn) for some integer n. 

Suppose that  M is minimally 3-connected binary matroid and let S be the 
isotropic system derived from M. Then at least two minors of S at v are not 
3-connected. Hence S is minimally 3-connected and, by Theorem 4.3, is cyclic. 
Conversely, Theorem 4.3 implies the binary part of Tutte 's theorem. We ha,)e j~gt 
to prove: 

Lemma 5.2. Let S = (L, V) be a cyclic isotropic system. Then S is bipartite if and 
only if IVI is even. 

Proof. 
(i) Suppose that  n is even. Then the graph Cn is bipartite and so S is bipartite. 
(ii) Suppose that  S is bipartite. By Proposition 5.1, there exist two supple- 

mentary vectors X and Y such that  L = L N 3~ + L A 37. Let T be a triangle of 
L. Then T = T x + T y , ,  with T x E L N X  and T y E L ~ Y .  By Lemma 4.2, S i s  
3-connected. Hence, each of the vectors Tx and Ty is either the null vector or a 
triangle. Moreover, T = T X or T = Ty. Let # the set of triangles of L. We have 
proved that  {2 N)(,  2 N 1~) is a partition of ] .  Define a simple graph F = (2, ~) as 
following: 

TT' eN if and only if there exists v e V such that O~s r r 
Let T1 and T2 be two triangles of S. Clearly, if T1 and T2 belong to the same 

class of the bipartition {YNX, YnY}, 371 and T2 cannot be adjacent in F. Hence F 
is bipartite. But, if Cn is a fundamental graph of S, Cn is isomorphic to a subgraph 
of F (actually, Cn is isomorphic to F for n > 7). This implies that  n is even. | 

6. P r i m e  g r a p h s  

Suppose that  G = (V,E) is a simple graph. A split, as defined in [7] is a 
partition {A,B} of E such that: 

IAl>_2, IBl_>2, 
- -  the eocircuit ~(A,B) (i.e. the set {abEE : aEA, bEB}) is the set of the edges 

of a complete bipartite graph, with chromatic classes A ~ c_ A and B ~ c_ B. 
G is said to be prime is there exist no splits. As proved in [61, a graph with 

at least four vertices is prime if and only if the isotropic system S having G as 
fundamental graph is 3-connected. Indeed {A,B} is a split of G if and only if A 
and B are 2-separations of S. 

Suppose that  G = (V,E) is a prime graph with at least six vertices and that  
S = (L,V) is the isotropic system h~ving G as fundamental graph. Then G is not 
locally equivalent to C5 and so, by Theorem 4.3, there exists a 3-connected minor 
SI~ of S, where v E V. Then, as mentioned in Section 2.4, one out of the graphs 
G\v, G*v\v and (G*vw~v)/v.(where w is a neighbour of v) is prime. This result 
has been proved directty in, [2]: We give a strengthening of this result: 
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Theorem 5.3. Let G = (V, E) be a prime graph, with IV[ > 6. There exists a vertex 
v such that G\v or G*v\v is prime. 

Proof. Suppose that  (G,A,B) is a graphic presentation of an isotropic system 
S = (L,V) and set n = IVI. As mentioned in Section 2, G\v (resp. G*v\v)is  a 
fundamental graph of S]~4(v) (resp. SIVA(v)+B(v)). 

(i) Suppose that  S is not cyclic. By Theorem 4.3, there exists v E V such that  
two minors at v are 3-con'nected. One of these minors is not equal to S[VB(v). Hence, 

G\v or G*v\v is a fundamental graph of this 3-connected minor and so it is prime. 
(ii) Suppose that  S is cyclic. Let (Cn, X,  Y) be a graphic presentation of S 

having Cn as fundamental graph. We may assume without loss of generality that  
X(v) =x and Y(v) =y for any vertex v. Suppose that  the sequence of vertices in Cn 
is (sl,  s2 , . . . ,  Sn). Let (Ti : 1 < i < n) be the fundamental basis associated with this 
presentation. Then, for 1 < i < n  (the indices are computed modulo n), we have: 

Ti(si) =y, 
- -  Ti(Si+l)=X(si_l)=X, T i ( s i -1 )=X(s i -1 )=x ,  
- -  Ti(sj)=O if i~  { i -  1 , i , i+  1}. 

Hence, for any v E V, none of the minors SIv and SI~ is 3-connected, for each of 
them contains twins. Then the single 3-connected minor at v is SIv. We have to 
prove B r  or, equivalently, that  there exists v such that B(v ) r  

Suppose, on the contrary, that  B = X+Y.  Let (Ui : 1 < i < n) be the fundamental 
basis associated to the graphic presentation (G,A,B). Then U(vi)= B(vi)= z fo r  
l < i < n .  Since U 1 . T I = 0  and U1(s1).T1(81)7s w e  have gl(sn).Tl(Sn)Ts o r  
UI(S2) "TI(s2) 7~0. By symmetry, we may assume that  Ul (s2) 'T l (s2)  7~0. Hence 
O~UI(s2)=A(s2)~kB(s2), UI(S2)TkTI(s2)=x. Therefore, Ul(s2)=y. Let k be an 
integer such that,  for 1 < i <  k, Ul(si)=y. If k e n ,  the same argument applied to 
T k instead of T1, implies that  Ul (Sk+l )=  y. Hence, Ul(v)=y  for any v E V. But 
then U1 "TI=UI(Sn) 'TI(sn)+UI(Sl) 'TI(s l)+UI(s2) 'TI(S2)=y'x  + z ' y + y ' x r  
a contradiction for U1 and T1 belong to L. | 
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